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The Lorenz number, which was assumed to be a universal factor, was later found to be 
deviating from its theoretical Sommerfeld value. Our understanding of the physics of the 
Weidemann-Franz-Lorenz law is based on a large number of investigations. In view of its 
importance in the understanding of thermal and electrical conductivity (particularly the 
electronic contribution), an attempt has been made to review the experimental determination 
of Lorenz number in metals, semi-metals, alloys and degenerate semiconductors. 

1. I n t r o d u c t i o n  
In 1853, Wiedemann and Franz reported an observa- 
tion which has had far-reaching consequences for the 
understanding of metallic conduction [1]. In an in- 
vestigation of the thermal conductivity of several 
metals at room temperature, they noted that it was 
proportional to the electrical conductivity. The results 
they reported are shown graphically in Fig. 1 which 
shows a plot of the thermal conductivities A, relative 
to that of silver, AAg, versus the electrical conductiv- 
ities, ~, also relative to that of silver, GAg. The electri- 
cal conductivities were taken from the works of Riess, 
Becquerel, and Lenz, without, however, any references 
(amazingly, the entire paper contains not a single 
reference). From their finding, written in the form of 
an equation 

A 
-- = constant (at room temperature) (1) 
Cr 

the authors concluded that "the conductivities of 
metals for electricity and heat are very closely related 
to each other, and are probably both functions of the 
same quantity". 

The first investigation of the temperature depend- 
ence of A/~ was published by Lorenz in 1872 [2]. By 
comparing measurements of the thermal conductivity 
of metals performed by Angstrom and other un- 
referenced investigators, with those of the electrical 
conductivity by Matthiessen and v. Bose, Lorenz con- 
cluded that "the ratio of the conductivities for heat 
and electricity of pure metals is proportional to the 
absolute temperature", in the form of the equation 

A 
- -  = L T  (2) cy 

Following modern use, we have written the propor- 
tionality constant as L, the Lorenz number. Equation 
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2 is usually called the Wiedemann-Franz law; in 
recognition of the very important contribution made 
by Lorenz in its discovery, it is also called as the 
Wiedemann-Franz-Lorenz law. 

In 1881, Lorenz published his own measurements of 
both A and ~ of metals at two different temperatures 
[3, 4], and thus demonstrated the validity of Equation 
2. No further tests of Equation 2 were published until 
1899 [5]. At about the same time, Riecke [6, 7] used a 
free-electron model to explain the temperature de- 
pendence, and Drude [8] derived the theoretical value 
of the Lorenz number, which was very close to the 
experimental value. Using Fermi-Dirac statistics, 
Sommerfeld [9-12] showed in 1927 the value of the 
theoretical Lorenz number to be 

g2 (KB)2 
k o  - 3 e z - 2 . 4 4 x t 0 - S W K  -2 (3) 

where K u is Boltzmann's constant, and e the electron 
charge. L o is called the Sommerfeld value of the 
Lorenz number. 

It had been noticed already by Lorenz, [3, 4] and by 
Jaegar and Diesselhorst [5], that L was not a uni- 
versal factor, but depended on the metal. Later work 
also showed that (A/cy) was not always strictly propor- 
tional to T; for a review of the experimental situation 
in 1935, see Meissner [13]. 

The Lorenz number, L, would be equal to Lo if the 
electron gas is highly degenerate and also if the elec- 
tron mean free path, l~, is the same for electrical and 
thermal conductivities. The condition for high degen- 
eracy is almost always satisfied at low temperatures. 
The equality of the mean free paths for electrical and 
thermal conductivities, however, depends on the 
nature of the scattering process. In general, le, the 
mean free path for electrical conduction, is not equal 
to lr, the mean free path for thermal conduction, and 
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hence the Lorenz ratio, L, departs from the Sommer- 
feld value, L o 

L -  efT (4) 

The important scattering processes in thermal and 
electrical conduction are: (i) elastic scattering by solute 
atoms, impurities and lattice defects, (ii) scattering of 
the electrons by phonons, and (iii) electron-electron 
interactions. In the elastic scattering region, i.e. at very 
low temperature, IE = IT and hence L = L 0. At higher 
temperatures, electron-electron scattering and elec- 
tron-phonon scattering dominate and the collisions 
are inelastic. Then IE#l T and hence L deviates 
from L o. 

Deviations from the Sommerfeld value of the 
Lorenz number are due to various reasons. In metals, 
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thermal conductivities, A, measured by 
Wiedemann and Franz (AAg assumed to be = 100) and relative 
electrical conductivities, ~, measured by (�9 Riess, (A) Becquerel, 
and (V) Lorenz. C~Ag assumed to be - 100. After Wiedemann and 
Franz [1]. 

at low temperatures the deviations are due to the 
inelastic nature of electron-phonon interactions. In 
some cases, a higher Lorenz number is due to the 
presence of impurities. The phonon contribution to 
thermal conductivity sometimes increases the Lorenz 
number, and this contribution, when phonon 
Umklapp scattering is present, is inversely propor- 
tional to the temperature. The deviations in Lorenz 
number can also be due to the changes in band 
structure. In magnetic materials, the presence of mag- 
nons also can change the Lorenz number at low 
temperatures. In the presence of a magnetic field, the 
Lorenz number varies directly with magnetic field. 
Changes in Lorenz number are sometimes due to 
structural phase transitions. In recent years, the 
Lorenz number has also been investigated at higher 
temperatures and has been found to deviate from the 
Sommerfeld value [14-20] and it is sometimes at- 
tributed to the incomplete degeneracy (Fermi 
smearing) [21] of electron gas. The Lorenz number 
has also been found to vary with pressure [-22, 23]. 

In alloys, the thermal conductivity and hence the 
Lorenz number have contributions from the electronic 
and lattice parts at low temperatures. The apparent 
Lorenz ratio (L/Lo) for many alloys has a peak at low 
temperatures. At higher temperatures the apparent 
Lorenz ratio is constant for each sample and ap- 
proaches Lo as the percentage of alloying, x, increases. 
In certain alloys at high temperatures, the ordering 
causes a peak in L/L  o. 

The Lorenz number of degenerate semiconductors 
also shows a similar deviation to that observed in 
metals and alloys. Up to a certain temperature, in- 
elastic scattering determines the Lorenz number value, 
and below this the scattering is elastic which is due to 
impurities. Supression of the electronic contribution 
to thermal conductivity and hence the separation of 
the lattice and electronic parts of conductivity can be 
done by application of a transverse magnetic field and 
hence the Lorenz number can be evaluated. The devi- 
ation of the Lorenz number in some degenerate semi- 
conductors is attributed to phonon drag. In some 
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Figure 2 Experimental Lorenz number  of elemental metals in the low-temperature residual resistance regime, see Table I. Also shown are our 
own data points on a doped, degenerate semiconductor (Table III). Data are plotted versus electrical conductivity and also versus carrier 
concentration, taken from Ashcroft and Mermin [24] except for the semiconductors. 
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cases, when the mobility of the carriers is not high, it is 
necessary to go to very low temperatures to separate 
their lattice and electronic thermal conductivities and 
hence to determine the Lorenz number. 

Our understanding of the physics of the Wiede- 
mann-Franz-Lorenz law is based on a large number 
of investigations. When we became interested in this 
subject during an investigation of the thermal con- 
ductivity of doped degenerate semiconductors, we 
were amazed by the very large number of publications 
dealing with the Wiedemann-Franz Lorenz law, and 
by the absence of a recent review of this subject on 
metals, alloys and semiconductors. While we do not 
intend here to give such a review, we nonetheless 
believe that a listing of the experiments reported to 
date and a mention of the interpretation of these 
experimental results may be of some use for anyone 

interested in this subject. We have aimed at com- 
pleteness; however, we do not vouch for our success. 
All we can hope is that our work will make the next 
person's work a little easier. 

As a graphical demonstration of the vast body of 
published information, we show in Fig. 2 the experi- 
mental low-temperature limits of the Lorenz number 
for all the metallic elements we have collected (and 
also for one degenerate semiconductor, observed in 
our own work). 

2. Description of tables 
The information is presented in Tables I-III: elemental 
metals and semi-metals, metallic alloys, and degenerate 
semiconductors. 

T A B  L E I Elemental metals and semi-metals 

Element Temperature range % 
(K) (f2-1 c m -  1) 

L in residual 
resistivity range, 
(10 -8 WD K -2) 

Notes Reference 

Aluminium 

Antimony 

Arsenic 

Beryllium 

Bismuth 

Cerium 

Caesium 

Chromium 

Cobalt 

Copper 

Dysprosium 

Erbium 

2-30 

1.4M.2 

2 150 

2-300 

0.3-8 

2-300 

2-300 

35-140 

0.1-1 

2-20 

2-16 

5-130 
1.5-300 

323-1300 

2-120 
1.2 6 

2 90 
2-60 

(Low temp) 

0,3-4.2 

5-300 

0 .34 .2  

5-300 

1.76 x 109 
1.11 x 109 
210 (RRR) 
3490(RRR) 

1.85 x 107 

3.3 x 109 
(Binary direction) 
1.16 x 107 
(Binary direction) 
1450(RRR) 
(Trigonal) 
5310(RRR) 
(Trigonal) 
9 x 105 
8.3 x l0 s 

5.41 x l06 
1.85 x 106 
8.24 x 105 

1 x 105 

(4.2 K) 

2.99 x 10  6 

2.58 x 106 

1.82 x 107 
5.45 x 106 

1.1 x 107 
1.15 x 107 

1.5 x 108 
1.15 x 109 
1.11 x 108 

4.95 x 105 
2.47 x 105 
1.86 x 105 
(annealed) 
1.66 x 106 5.3 
(c-axis) 

1,16 x 105, 2.40 
2.84 x 10 s 2.41 
2.15 x 105 {b-axis) 4.5 
1.25 x 105 (c-axis) 4.5 

2.46(1) 
2.48(2) 
2.44 (2.5 K) 
2.44(1.5 K) 

2.33 

1.81 

2.34 
(below 2 K) 
1.8 
(at 3 K) 
1.4 
(at 3 K) 

2.48(t) 
2.64 (2) 

2.4 
(50 K) 
2.45(1) 
2.45 (2) 
2.45 (3) 

2.68 
(4.2 K) 

2.51(1) 
2.47 (2) 

2.44(1) 
2.44 (2) 

9 

10 

11 
12 

1 [28] 

2 [26] 

3 [28] 

4 [29] 

5 [30] 

6 [31] 

[32] 

7 [33] 

8 [34] 

2.55(1) 
2.59 (2) 

2.49 13 
2.45 _+ 0.05 14 
2.4 15 
1.8 
(with magnetic field) 

2.59 16 
2.43 
2.56 

17 

16 

17 

[35] 

[36] 

[37] 
[38] 
[393 

[40] 
[41] 

[42] 
[43] 
[44] 

[45] 

[47] 

[45] 

[47] 
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T A B L E  I Continued 

Element Temperature range % 
(K) ( f t - '  cm -  x) 

L in residual 
resistivity range, 
(10 8 Wf~ K --z) 

Gallium 1.4-4.2 6.94 x 1 0  9 2.25 
303 2.4 

Gadolinium 0.3M.2 2.97 x 105 2.53 16 
1.55 x l0 s 2.44 

5 300 3.5 (c-axis) 18 
4.5 (a-axis) 

Gold 2 30 1.06 x l0 s 2.47(3) 19 
3.04 x 107 2.50(2) 
3.559 x 107 2.51 (1) 

300-1200 7.31 x 107 2.42 

Hafnium 2-90 2.36 x 105 3.47 20 

Holmium 9.43 x 10 '~ 2.38 (1) 
0.3-4.2 1.03 • 105 2.76 (2) 

5-300 3.33 x 105 5.3 (c-axis) 18 
2.5 x 10 s 4.0(a-axis) 

Iridium 4-130 9.67 x 106 2.5 

Iron 2-77 2,45 x 107 2.55 
2-90 1.09 x 106 2.44 (2) 
2-100 4.03 x 106 2.5 (1) 2i 

Lead 100-200 1 • 1 0  6 2.5 (200 K) 

Lithium 2-100 1.45 • 1 0  7 2.49 22 
2.69 x 107 2.70(2) 

2-90 1.124 x 107 2.45 (1) 
2.136 x 107 2.49 

Lutet ium 5 300 1.43 • 106 3.4(c-axis) 17 
3.7 x 105 4.3 (b-axis) 

Magnesium 2-35 3.70 • 1 0  7 2.6 

Neodymium 2-40 3.33 x 105 3.3 23 
2.17 x 105 4.5 

2-20 1.33 • 105 2.65 24 

Nickel 5 150 3.43 x 108 2.38 21 
2-100 2.88 • 107 2.38 

Niobium 2-90 2.13 • 1 0  6 2.49 20 

Osmium 2 20 3.60 • 107 2.49 (1) 
6.01 x 10 v 2.48(2) 

2 300 1.0 x 107 2.60 
1.15 x 1 0  7 2.61 

Palladium 2-30 5.50 • 107 2.45 
2.5 19 3.73 • 1 0  7 2.45 

Plat inum 0.1-1,2 8 • 107 2,50(2) 25 
3-130 8 x 107 2.35(1) 

Potassium 2-90 7.5 x 107 2.55 
4.59 x 107 2.49 22 

Praseodymium 2-40 1.67 x 106 3.2 26 

(2K) 
2-20 6.25 x 105 2.44 24 

Rhenium ~ 1 2 0  7.69 x 107 2.43 
1.27 x 106 2.56 

(unannealed) 
2-20 1.33 x l0 s 2.46(1) 

2.73 x 10 a 2.49(2) 

Rhodium 4-120 1.19 x 108 2.41 
2-90 1.19 x 108 2.44 

Rubidium 2-70 2.60 • 107 2.45 22 
40-300 2.45 

(at 300 K) 

Ruthenium 2-300 4.35 • 1 0  6 2.40 
6.67 • 107 2.46 

Scandium 2-20 8.3 • 104 2.55 27 
(4.2/ 

Silver 2-30 1.49 • 109 2.45 1 
1.25 x 109 2.48 

0.3-1.2 4.93 • 108 2.53 28 
300-1100 4.09 • 108 2.42 

(700 K) 

4264 

Notes Reference 

[48] 
[49] 

[45] 

[50] 

[253 

[51] 

[52] 
[45] 

[50] 

[533 

[54] 
[55] 
[56] 

[57] 

[36] 

[58] 

[47] 

[59] 

[601 

[61] 

[62] 
[56] 

[53] 
[63] 

[64] 

[65] 
[66, 67] 

[68] 
[53] 

[36] 

[70] 

[61] 

[40] 

[20] 

[53] 
[55] 
[36] 
[71] 

[64 ! 

[35] 

[25] 

[68] 
[51] 



T A B L E  I Continued 

Element Temperature range ~o L in residual Notes Reference 
(K) (f2-1 cm-  l) resistivity range, 

(10 8 W f 2 K  -2) 

Sodium 2-16 7.06 x 108 2.36 22 [36] 
6.0 x 108 2.31 

Tantalum 2-140 4.81 • 106 2.45 [72] 

Terbium 0.3M.2 1.51 x 105 2.41 16 [45, 46] 
5 300 5 x 105 4.4 18 [50] 

(a-axis) 
5 x 105 5.5 

(c-axis) 

Thorium 3 300 3.45 x 107 2.4 29 [73] 
(2 K) 

9.88 x 106 2.8 
(2 K) 

2.13 x 106 2.6 
(2 K) 

4-100 1.5 x 106 3.0 [74] 
(100 K) 

Thulium 5 300 5.78 x l0 s 4.1 30 [75] 
(b-axis) 

2.74 x 10 s 8.8 
(c-axis) 

Tin 4.5-77 8.06 x 108 2.44 [76] 
(6 K with tetragonal 
axis) 

1.16 x 109 2.43 
(72 K with tetragonal 
axis) 

5-70 4.35 x 106 1.78 31 [77] 
(5 K) 

Titanium 2-140 5.09 x l0 s 2.74 2,78 (13-phase) [72] 
2 100 4.24 x 104 2.9 [56] 

20(~1900 3.02 (c~-phase) 21 [78] 

Tungsten 2-120 3.22 x 10 v 2.65 [40] 
1.5-6.0 1.767 • 106 2.64(1) [79] 

5.72 x l0 s 2.44 (2) 

Vanadium 2 90 3.23 x 105 2.57 20 [52] 

Ytterbium 0.34.2 6.35 • 104 2.30 16 [45, 46] 

Yttrium 2-20 2 x 105 2.58 32 [35] 
3-300 4.3 x 105 3.02 [80] 

(3 K) 

Zirconium 2-80 3.96 x 106 2.4 21 [56] 

Notes 
1. Lorenz number at low temperatures, in the range of impurity scattering, is very close to Sommerfeld value. No electron~electron 

scattering was noticed. 
2. As impurity content increases, L approached L o faster, i.e. at higher temperatures, than in pure. The maximum phonon contribution at 

these low temperatures cannot be more than 3% according to calculations and could not be detected in the present experiment. This 
experiment was performed to verify the fact that there is additional phonon contribution reported by [27] and L 0 = 2.5 • 10 -8 Wf2 K -2 
(RRR = residual resistivity ratio). 

3. For pure antimony the two components of conductivity (electron and phonon) are comparable except at very low or high temperatures. 
The electronic component behaves very much like that in a simple monovalent metal. The electronic component of thermal conductivity is 
separated, by suppressing it by applying a magnetic field and measuring only the lattice part and subtracting this from the total conductivity. 

4. The Lorenz number obtained from the thermal conductivity data is smaller than the Somrnerfeld value (as in bismuth), and may be due 
to inelastic scattering of the carriers by phonons or carrier-carrier scattering, 

5. Below 2 K, the Lorenz number is within 4% of the Sommerfeld value, but above that the value decreases and is 1.85 • 10 8 Wf~ K -2 at 
7 K, where inelastic scattering of charge carriers becomes important. 

6. The Lorenz number for both crystallographic orientations (binary and trigonal) is well below the Sommerfeld value showing clearly that 
the carrier scattering is highly inelastic between 3 and 80 K. There is a tendency to reach the Sommerfeld value at still lower temperature, 
where the scattering may be purely due to impurities and elastic. The Lorenz number is smaller in purer samples (RRR = residual resistivity 
ratio). 

7. In the temperature range investigated, electronic thermal conductivity is nearly constant, and at low temperatures is only a small 
fraction of the total thermal conductivity. The Lorenz number at 50 K is equal to the Sommerfeld value like any other degenerate conductor, 
but starts decreasing with decreasing temperature, which may be due to inelastic scattering. The electronic term is separated from the total 
thermal conductivity by the method of applying strong magnetic fields and suppressing the electronic part. At around 140 K, about 30% of 
the electronic thermal conductivity is due to the bipolar flow of carriers. 

8. The Lorenz number obtained is equal to the Sommerfeld value. The thermal conductivity varies linearly with temperature between 1.5 
and 3 K, but below 1 K, it deviates from this fit. This is due to reduction in phonon mean free path below 1 K. 
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T A B L E  I (Notes continued) 

9. Cerium has a slightly higher L compared to Lo and in the present range of measurement,  it is not sure whether the residual resistivity 
range has been reached. With increase of temperature, the Lorenz number  also increases, which indicates that there is enough phonon 
contribution to thermal conductivity even at these low temperatures. The Lorenz number  at 20 K is 3.83 x 10-s  W ~  K -z. 

10. As the normal  melting point for caesium is 28 ~ it is spontaneously inflammable on exposure to air and has a rather smaller thermal 
conductivity than the other alkali metals. It also frequently contains dissolved oxygen, due to which one of the samples showed considerable 
hysteresis in the experimental value of thermal conductivity. A very small coefficient for the phonon term is present at low temperature. 

11. The Lorenz number  obtained at low temperatures is very close to the Sommerfeld value in all the chromium samples studied. 
12. At low temperatures, the Lorenz number  obtained for all the samples is equal to that of the Sommerfeld value. But as the temperature 

increases, the Lorenz number  decreases due to inelastic scattering of carriers. At 90 K, the Lorenz number  is higher than L o which is due to the 
band structure of chromium and not due to the phonon contribution. This type of behavior has been reported by Powell and Tye [39] in the 
temperature range 323-1300 K. 

13. Below 4 K, an additional electrical resistance was observed and due to this, there is an increase in Lorenz number  to 2.56 x 10 .8 
W ~  K -  2. The resistance observed is more in electrical resistance than in thermal resistance, and if any process is responsible for this, it is more 
effective on electrical resistivity. 

14. This paper clarifies the discrepancy about the increase in the Lorenz number  at low temperatures, and it was found that the 
Wiedemann-Franz-Lorenz  law is well obeyed at low temperatures and L is equal to L o within 2%. 

15. The effect of magnetic fields on the variation of Lorenz number  was studied in copper at low temperatures. The Lorenz number  without 
magnetic field at low temperature was equal to L o. But, with transverse magnetic field applied, L varies directly with the strength of the field. 
When applied longitudinally, L remains constant  ( = 1.8 x 10-8 Wf~ K -z) irrespective of the strength of the field. 

16. In all the heavy rare-earth metals studied, the thermal conductivity has an electronic term which becomes linear with temperature, and 
another quadratic term, which is due to the phonon contribution. The Lorenz numbers  evaluated from the linear terms are very close to the 
Sommerfeld value. 

The ideal resistivity increases in the elements with increasing atomic number,  irrespective of whether they are magnetic or non-magnetic, 
indicating that the dominant  effect on the ideal resistivity arises from phonons  rather than magnons.  

17. In all the samples studied, the Lorenz number  was always higher than the Sommerfeld value throughout  the temperature range, except 
in lutetium sample (c-axis). The reason for the higher Lorenz number  may be due to the contribution of phonons  and magnons  to thermal 
conductivity, which is common in heavy rare-earth elements. 

18. The Lorenz numbers  obtained in gadolinium, terbium and holmium are all higher than the Sommerfeld value, implying that an 
appreciable amount  of heat is conducted by phonons and magnons  in rare-earth metals. 

An at tempt was made to determine the dominant  scattering mechanisms at low temperatures. For gadolinium, a plot of T / K ( K  = thermal 
conductivity) versus T a was fairly linear for 8-16 K, but in terbium and holmium data did not fit this dependence very well. In addition to 
impurities and phonons,  magnons  can also scatter electrons. Thus,  it is surprising that measured thermal conductivities do not follow the 
equation 1/K~ = A / T  + B T  ~, very well. 

19. Higher Lorenz number  may be due to more impurities in the gold samples, but further experiments are required to establish the fact. 
20. In the case of vanadium and niobium, the Lorenz numbers  obtained are very close to the Sommerfeld value. For one of the vanadium 

samples, which has a higher impurity concentration, L is slightly greater, suggesting that the impurities reduce the conductivity due to the free 
electrons to such an extent that the lattice thermal conductivity becomes significant. In the case of hafnium, for which the experimental Lorenz 
number  is higher, it appears probable that lattice conductivity is quite appreciable. 

21. Iron and nickel show a variation characteristic of metals in Lorenz number  at low temperatures and are close to the Sommerfeld value. 
In the case of zirconium, at low temperatures, the Lorenz number  is almost equal to that of Lo, but  at higher temperatures, L reduces below 
Lo, and then rises above Lo, indicating that a considerable fraction of the heat is carried by the phonons. In the case of titanium, the Lorenz 
number  is always higher than L 0 and approaches the Sommerfeld value around 2 K. 

22. For thermal conductivity at low temperatures (T~0),  1/K = (A/T) + B T  z (K = thermal conductivity) is well obeyed in all the alkali 
metals studied. At low temperatures where impurity scattering is dominant,  the experimental Lorenz numbers lie in the range (2.45 +_ 0.15) 
x 10 ~8 Wf~ K -2 which is within the experimental error compared to that of Sommerfeld value. 

23. In all the samples of neodymium studied, the Lorenz number  obtained was always higher and with annealing the Lorenz number  
decreased. The extra thermal conductivity observed is not  solely due to phonons. If it was due to phonons  only, after annealing, one should get 
a higher number  of phonons  and hence higher thermal conductivity. This effect may be due to the presence of two structures (d h c p and f c c) 
initially and change of structure after annealing. 

24. In the temperature range studied, the Lorenz number  of praseodymium varies very much as in a metal and reaches a Sommerfeld value 
at 2 K but rises slightly above it, possibly due to some phonon contribution there. With increase of temperature, the Lorenz number  decreases 
due to inelastic scattering of carriers. In the case of neodymium, the Lorenz number  is always higher than Lo, and approaches the Sommerfeld 
value below 4 K. The extra thermal conductivity may be due to phonons. 

25. In platinum, in thee range 0.3-1.2 K, the Lorenz number  is higher than Lo, and this is definitely due to the phonon contribution. This 
work has provided further evidence that the details of electron-electron scattering in the transition metals vary greatly from metal to metal, 
i.e. the simple Lorenz ratio is not applicable. 

26. The Lorenz number  of praseodymium has a metallic-like variation with temperature; but  the L obtained at low as well as high 
temperature are higher than L o. After annealing the sample, the L value dropped but still remained higher than the Sommerfeld value. As in 
neodymium, L decreased after annealing and shows that the additional thermal conductivity observed is not completely due to phonons,  and 
may be due to presence of two structures. 

27. In scandium, the higher Lorenz number  2.64 x 10 -a W ~  K -z, obtained at 4.2 K, is due to the presence of phonon contribution to the 
thermal conductivity. After separating the linear term from the T a term, L obtained is close to L o. The Lorenz number  increases with 
temperature, indicating the increase of lattice conductivity with temperature. The Lorenz number  at 20 K is 2.98 x 10 .8  Wf~ K -2. 

28. The anomalous oscillatory behaviour cannot be found in these data as reported by Sharma [69]. The Lorenz number  is larger 
compared to L o. This was attributed to the phonon contribution in aluminium by Willott t27]. In this experiment, there was no evidence of a 
decrease in the phonon contribution, even at 0.35 K. 

29..The three samples studied had different impurities. The purest showed the usual behaviour of a metal at low temperatures, but  L 
increased to a value of 3 x t0 -8 Wf~ K -2, at 200 K. This cannot be due to phonons,  because at these temperatures the phonon contribution is 
very small because of Umklapp processes; Therefore, this excess Lorenz number  is probably related to the band structure of thorium and 
represents a deviation from the free electron model. The other two impure samples show an increase of Lorenz number  at low temperature 
over the Sommerfeld value and then fall back to the Sommerfeld value around 2 K. This may be due to the phonon contribution to thermal 
conductivity, which shows up as a quadratic term in addition to the linear term (due to electrons), 
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T A B L E  I (Notes continued) 
30. At low temperatures thulium becomes ferrimagnetic, and magnons  contribute to enhancement of specific heat: the large deviation of 

total Lorenz number  measured from the Sommerfeld value shows that magnons  also contribute to thermal conductivity in addition to 

electrons at low temperatures. 
31. Three single crystals of tin with different orientations and impurity contents were studied to understand the elastic and the inelastic 

scattering mechanism. An attempt has been made to separate the vertical and horizontal components  of thermal conductivity, where the 
vertical component  is due to the inelastic scattering of electrons. Its variation with temperature is studied in the range 5-10 K. At higher 
temperatures, the Lorenz number  reaches the Sommerfeld value and with decreasing temperature, because of the inelastic scattering (vertical 
component), L shows a dip and again rises. The temperature at which the dip occurs, depends upon the impurity content. 

32. Like other rare-earth metals, yttrium also shows the presence of a phonon contribution to thermal conductivity at low temperatures. 
The total Lorenz number  at 4.2 K obtained is higher than L o and is 2.64 x 10 -8 Wfl K -z, but after subtracting the phonon term, the Lorenz 
number  is close to L o. At higher temperatures, the phonon conductivity increases, which can be seen by the increase of  the total Lorenz 

number.  

T A B L E  II Metallic alloys and compounds  

Alloy Temperature range Oo(f~- lcm -1) L(10 -8 W ~  K -2) Notes Reference 

(K) 

Copper + 0.02% Ge 2 300 1.19 x 107 2.68 1 [32] 
+ 0.0043% Fe 2.43 x 107 2.70 
+ 0.056% Fe 1.88 x 106 2.45 

Cu 7.5% Au 2-90 2.83 x l0 s 2.40 [81] 
Cu 16.5% Au 1,42 x 105 2.52 
C u - 2 %  Zn t,78 x 106 2.39 
C u - 5 %  Zn 8.33 x l0 s 2.37 
Cu-10% Zn 5,15 x l0 s 2.42 

Cu4) .9% Pt 2-90 4,90 x 105 [82, 83] 
C u - l . l %  Pt 4.41 x 105 
Cu-2.0% Pt 2,49 x 105 ~2.45 
Cu-0.35% As 3.69 x l0 s [82, 84] 
C u - l . 0 %  Sb 1.89 x 105 [82, 85] 

Copper 
+ 0.056% Fe 2-90 1.79 x 106 [82, 86] 
+ 0.12% Fe 8.13 x l0 s ~2.44 
+ 0.31% Fe 3.18 x l0 s 
+ 2.2% Si 1.39 x l0 s ~2.44 [82, 83] 

Copper 
+ 50 p.p.m. Cr 1.6-4 1.61 x 106 2.44 Unannealed 

3.33 x 107 3.23 Long [87, 88] 

2.09 x 106 

+ 36 p.p.m. Cr 5.05 x 106 
8.13 x 106 

5.88 x 107 

Cr~4.57% V 4-300 7.40 x 105 

Cr-3.89% Mo 4.12 • I0 s 
Cr-9.35% Mo 2.39 x 105 

Silver 
+ 29.97% Cd 2-300 2.72 x l0 s 

+ 19.21% Cd 3.03x 10 s 
+ 9.51% Cd 4.42x 105 

+ 4.91% Cd 7.25 x 105 

+ 1.96% Cd 1.59 x 106 

+ 2.08% Pd 1.12 x 106 

+ 20.08% Pd 1.21 x 105 

+ 29.62% Pd 7.82 x 104 

+ 50% Pd 3.61 x 104 

annealed 
2.45 Partially 

annealed 
Unannealed 
Partially 
annealed 
Long 
annealed 

2 

2.85 

3.39 

~2.5 
(at 4.2 K) 

2.24 

2.40 
2.41 

2.34 

2.38 

2.38 

2.04 

2.10 

4.76 

Rod 
annealed 
Rod recast 
Rod 
annealed 
Rod 
annealed 
Rod 
strained 
Rod 
annealed 
Rod 
annealed 
Rod 
annealed 
Rod 
annealed 

[89] 

[90] 
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T A B L E  !I Continued 

Alloy Temperature range %( fU lcm -1) L(10 -8 Wf* K -2) Notes Reference 
(K) 

+ 70% Pd 2.81 x 104 5,4 Rod 
annealed 

+ 95% Pd 1.72 x 105 2,35 Rod 
annealed 

Silver 
+ 0.55% Mn 1.6 4.5 1.09 x 106 ~2.45 Minimum in 

(at 1 K) L occurs at 
above 4 K 

+ 0.32% Mn 2 x 106 ~2.45 Minimum in 
(at 1 K) L occurs at 

3.5 K 
3.8 x 106 ~2.45 Minimum in 

+ 0.14% Mn (at 1 K) L occurs at 
2.5 K 

Silver 2-90 
+ 1.8% Pt 
+ 1.6% AI 

Ag + Cr 

Tin 7-300 
+ 15% lead 
+ 30% lead 

+ 50% lead 

+ 70%lead  

Sodium tungsten 
bronzes 4.2 300 

NaxWO3 
0.5 ~< x ~< 0.86 

Zinc 
+ 4.1% AI 

+ 3.1% Cu 
+ 0.05% Mg 

NbO 

RuO 2 

VsSi 

Uranium 
mononitride 

VO0.79 to V01.29 
TiO 

TiO1.4 

UC 

WSi2 

TiC 

ZrC 

LaS" 

Pd77.5 Si16.5 Cu6 

Fe73 Molo 917 

Fe8o B20 

4268 

3.82 x l0 s ~2.4 
2.83 x 10 s ~2.4 

Measured at 
4.2 and 77 

4.41 x 106 ~2.3 
(at 7 K) 

4.13 x 106 2.4 
(at 7 K) 

3.85 x 106 2.5 
(at 7 K) 

3,92 x 106 2.2 
(at 7 K) 

2.92 x 105 
(x = 0.86) 
3.28 x 104 
(x = 0.51) 
1.26 x l0 s 
(x = 0.75) 
9.17 • 104 
(x = 0.70) 
5.18 x 104 
(x = 0.63) 

6.67 x l0 s 

2.5 

3.14 
(4.2 K) 
3.08 
(77 K) 

100-660 

2~47 

10-100 

4.2-80 

2-85 

80400 

100-1000 

123-1000 

123 1000 

500-1800 

100t~1500 

800-2300 

90(>2300 

400 

273 

273 

273 

5.88 x 105 

7.58 x 106 
9.61 x 106 

4.0 x 10 s 

1.32 x 105 

1.42 x 104 

8.2 x 103 

8.2 x 103 

2.6 

2.49 
2.49 
2.60 

1.97 
(18-55 K) 

2.47 
(2 K) 

~2.6 

~2.6 

~2.6 

2.21 

3.01 

4.0 

2.07 

3.37 

2.4 

3.2 

2.9 

Lorenz number 
at 4.2 K is higher 
than L o because of 
lattice contribution 
due to alloying 

[91] 

[82, 83] 

[923 

[93] 

[941 

[95] 

[-96, 97] 

[98] 

[99, 100] 

[101, lO23 

[96, 103] 

[96, 104] 

[96, 105] 

[106, 107] 

[106, 107] 

[106, 108] 

[106, 109, 110] 

[106, 111] 

[112] 

[112] 

El12] 



T A B L E  II Continued 

Alloy Temperature range %(YUlcm -1) L(10 -8 W~ K 2) Notes Reference 
(K) 

ZrTo Co3o 273 6.5 x 103 2.9 [112] 

ZrTo Ni3o 273 6.3 • 103 2.2 [112] 

Tiso Be,~o Zrto 273 4.7 x 103 2.8 [112] 

(Lao. 9 Pro.l) Sn 3 0.3-12 1.33 x 106 1.42 8 [113] 
(0.5 K) 

Notes  

1. In copper + 0.02% germanium, and copper + 0.0043% iron, the electronic component of thermal conductivity, Ko, appears to be the 
dominant part of the thermal conductivity and is similar to that observed in pure copper. In copper + 0.056% Fe, K e and Kg (lattice part of 
thermal conductivity) are comparable at low temperatures. The maximum value of K~ of copper appears to be about 1 W cm-  1 K 1 at 30 K. 

2. Alloys of chromium with molybdenum and vanadium also behave like pure chromium showing anomolous increase of L below 100 K 
and again above 200 K. Below 100 K it is due to phonons but above 200 K, it is due to the electronic band structure of chromium. 

3. In all the compositions of tin-lead alloys studied, the total Lorenz number is higher at low temperatures and tends to decrease at high 
temperatures. The maximum total Lorenz number observed at tow temperatures is in 50-50 alloy, where one expects maximum phonon 
conductivity contribution. This system behaves like any other alloy system. 

4. The apparent Lorenz ratio for the samples studied have a peak at low temperatures caused by lattice conduction. At higher temperatures 
the apparent Lorenz ratio is constant for each sample and approaches L o as x increases. At low temperatures lattice conductivity calculated 
using the Callaway theory, correlated well with that obtained by subtracting Lo~ T from the measured thermal conductivity. Large deviations 
occurred at high temperatures indicating that the high4emperature Lorenz ratio for smaller values of x is considerably larger than Lo, but 
approaches L 0 at low temperatures, The ordering of the sodium atoms enhances the low-temperature lattice conductivity, and at high 
temperatures the ordering causes a peak in L / L  o at x = 0.75. The higher values of L observed at high temperatures cannot be attributed to the 
lattice, but are due to the narrow d-type conduction band. This type of anomaly was observed in thorium, chromium and hafnium. 

5. The Wiedemann-Franz-Lorenz law is rather well obeyed; however, as in chromium, there is a positive deviation from theoretical 
Lorenz number, L o. This deviation is maximum of 30% from L o at approximately 250 K. Following chromium, this positive deviation is 
attributed to the multi-energy band-structure of NbO and not to the lattice component of thermal conductivity. 

6. In the range from 16.9-9 K, thermal conductivity is determined by electrons being scattered at the imperfections. The phonon 
contribution may be neglected in this range. Below 9 K, the quantity of the normal electrons is reduced to such a degree by the formation of 
Cooper pairs that the phonon contribution becomes noticeable, which with decreasing temperature, rises greatly until the mean free path of 
phonons approaches the crystal dimensions. 

7. Measurement of thermal conductivity in the range 80-400 K indicates that the lattice conductivity peaks in the range 250-300 K, and 
that the high-temperature limit of the Lorenz number may be greater than the Sommerfeld value. Thermal conductivity measurements in the 
range 2-85 K indicate that the heat is �9 by electrons exclusively below 10 K. The electronic term diminishes around the Neel 
temperature, and the lattice term becomes prominent. 

8. The results obtained in this investigation on the sample (Pr = 0.1) show deviations in Lorenz number at low temperatures from that of 
Sommerfeld value, L o. It becomes larger than L at 7 K and above. With decreasing temperature, the Lorenz number drops very rapidly to a 
minimum value of 0.976 and then rises again at still lower temperatures and reaches a value 1.42 • 10 - s  Wfl K -2 around 0.5 K, which is still 
smaller than L o. This lowering of the Lorenz number is due to inelastic scattering present due to the crystal field splitting of Pr 3 +. 

T A B L E I I I Degenerate semiconductors 

Temperature range %(s cm-  i) Carrier concen- 
tration 

(K) (cm 3) 
L (10 8Wf~ K -2) Notes Reference 

n-HgTe 

p-PbTe 

n-PbTe 

5% PbSe + 95% 
PbTe 

20-200 7.1 x 103 3 x 1018 ~2.4 1 [114] 

20-100 - 3 x 10 TM 1.7 2 [115] 
(at 80 K) 

3 100 - 2.6 x 1018 2.3 4 
(10 K) [116, 117] 

20-100 5 x 1018 1.7 2 [115] 
(at 20 K) 

2 x 1018 1.59 
(at 20 K) 

80-250 6.3 x 1018 2.07 3 
(at 250 K) [118] 
1.59 
(at 100 K) 

80.200 8.9 x 1018 2.07 3 [118] 
3 100 6x  104 1.3x 1019 2.4 4 [116, 117] 

(at 18 K) 

80-300 - ~ 10 TM 2.20 3 [118, t 19] 
(at 260 K) 
1.6 
(at 100 K) 
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T A B L E  II I  Degenerate semiconductors 

Temperature range %(f~- 1 cm-~) Carrier concen- 
tration 

(K) (cm - 3) 
L (10- sWf~ K -z) Notes Reference 

40% PbSe + 60% 
PbTe 80.300 - ,,~ 101 s 2.4 3 [ 118, 119] 

(200 K 
and above) 
2.2 
(at 100 K) 

p-PbSe 3-100 8 x 104 7 x 1018 2.4 4 [116, 117] 
(15 K) 

n-PbS 3-100 6.5 • 10'* 6.7 x 10 Is 2.4 4 [1 i6-I  I7] 
(15 K) 

PbTe + 5% SnTe 80 2.1 x 1019 1.73 [119] 

PbTe + 5% PbS 80 2.4x 10 TM 1.95 [119] 

PbTe + 10% PbS 80 7.9 • 10 TM 1.6l E 119] 

HgSe 2-200 6 • 10 TM 2.5 5 El20] 
(35 K) 
0.98 
(80 K) 

n-HgSe 80-400 t x l018 2.32 [1213 
(at 400 K) 

n-AgzTe 80-230 5.5. x 103 1.55 x 10 TM 1.46 6 [1223 
(80 K) 
6 x 103 3.14 x 10 TM 1.46 
(80 K) 

80-300 - 1.23 x 1019 2.4 6 [123] 
(80 K) 

4.32 x 1018 1.68 
1.55 • 10 is 1.49 

n-[nSb 100-500 1.2 X I 0  4 ] X 1019 1.83 7 [124, 1253 
(150 K) (100 K) 

n-Cd3As z 15-100 1.9 X l 0  4 2 x t0 is 1.66 8 E126] 
(115 K) 

2 x 1018 3.09 [127~ 
(310 K) 

SivsOe22 p 0.07-100 1.42 x 103 9.1 x 1019 2.22 9 [128] 

Si78Ge22 p 0.3-100 8.77 X 102 5.6 • 1019 3.04 

Si~sGez2 n 0.07-100 1.01 x 103 7.1 • 1019 2.74 

,Notes 
t. The Lorenz number studied in the temperature range 20-200 K shows a qualitatively simiJar deviation as observed in metals, but above 

40 K, L is lower than the Sommerfeld value, L 0. The maximum deviation observed was at 200 K, with L equal to 1.95 x 10 -8 W~ K -2. This 
shows that below 40 K the scattering of carriers is elastic and above, inelastic. The separation of electronic conductivity from the total 
conductivity was done by suppressing the electronic thermal conductivity by applying magnetic field (Maggi-Righi-Leduc effect). This can be 
done only in some compounds where the following conditions are satisfied: (1) high mobility of the carriers (gH/c ~ 1); (2) the electronic part of 
thermal conductivity should be an appreciable fraction of the total thermal conductivity. 

2. All the samples measured show a lower Lorenz number even at 20 K, which shows that scattering of the carriers by optical vibrations is 
inelastic. 

3. (a) The role of the inelastic carrier scattering in n-type PbTe has been investigated over a wider range of carrier densities and at high 
temperatures than ever before. 

(b) From theoretical calculations (for tow temperatures) and experimental data for T > 20 K, L~-L  o at 4 K for samples with n,~ 1018 
c m - 3  but with increasing temperature L decreases, passes through a minimum value of about 1.7 x 10-s Wf2 K-2  at 77 K, and then again 
becomes equal to L 0 at T = 300 K. 

(c) When the carrier density increase, L tends to equal L0; when n > 1019 cm -3 L = L o at all investigated temperatures (80-300 K). 
(d) L of PbT-PbSe, solid solution, behaves like PbTe, with small concentrations of PbSe; when the content of PbSe is increased L = L 0 a~ 

all temperatures, with a small dip around 80 K. 
(e) The value, the temperature dependence, and the carrier density dependence of L can be explained theoretically by electron-electron 

collisions. 
,4. The most interesting result in this investigation was that the Lorenz number of all three degenerate semiconductors (PbTe, PbSe, and 

Pbs) measured at T > 20 K differs considerably from its theoretical value for the elastic scattering mechanism. The Lorenz number is smaller 
in the inelastic scattering case. These results can be explained by assuming that the scattering of carriers in PbTe, PbSe and Pbs crystals is, to a 
considerable degree, inelastic. When the temperature is lowered (T < 30 K), impurity scattering becomes more important and this scattering is 
elastic. Consequently, the Lorenz numbers obtained from all three investigated compounds approach the theoretical value. 

5. The variation of the Lorenz number in degenerate samples of HgSe indicates that elastic scattering becomes important only below 40 K. 
L is larger than Lo around 30 K, which might be due to the phonon drag, which is also observed in thermoelectric measurements. Above 40 K, 
carrier scattering becomes inelastic and the Lorenz number decreases and reaches the lowest value (0.98 x 10- 8 Wf~ K -  ~) at 200 K and again 
reaches L 0 above 400 K. Thus, it may be concluded that in the range 40-400 K electron scattering in HgSe inelastic. 

6. The Lorenz number obtained in the present investigation, in both samples is lower than the Sommerfeld value, Lo, in the temperature 
range investigated, indicating that the scattering of electrons is inelastic, The Lorenz number obtained at 80 K shows that it is also dependent 
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T A B L E  I I I  (Notes continued) 

on the carrier density. The inelasticity observed in Ag2Te in mainly due to electron-electron interaction rather than optical phonon 
interaction which is 1%-2% only. 

7. The limitations in the method of applying transverse magnetic fields in order to suppress the electronic contribution of the thermal 
conductivity and then estimating the lattice part are: (1) material should have high carrier mobility throughout  the range of measurement;  (2) 
lattice thermal conductivity should not  be very high; examples for high conductivities are germanium, silicon n-InSb and n-InAs. 

In the case of n-InSb, the range was chosen so that the mobilities were still high, and thermal conductivity not  large. L is smaller than Lo in 
the range 100-500 K and only has a tendency to approach L o at low temperatures and above 500 K. The reason for this may be inelastic 
scattering of electrons by electrons or by optical phonons.  In the range where mobilities are small, the method to evaluate A e was to calculate 
L from Lt~, by L = Lth -- e2, where c~ is the Seebeck coefficient. 

8. n-Cd3As 2 also exhibits elastic scattering of carriers below 35 K, but the Lorenz number  rises above L o below 30 K, the reason for which 
is not  understood. Above 40 K, L decreases with decreasing temperature and is equal to 1.96 x 10- s Wfl K 2 around 100 K. This decrease of 
the Lorenz number  may be attributed to inelastic electron~electron scattering. 

9. In all degenerate semiconductors, except Si78Ge22, the electronic thermal conductivity was separated from the total conductivity by 
subtracting the lattice contribution, obtained by supressing the electronic term by applying a transverse magnetic field. This technique 
requires many conditions to be satisfied: (1) high mobility of the carriers; (2) the electronic term should be greater than ~ 5% of the total 
thermal conductivity; (3) high magnetic fields to suppress the electronic contribution. This technique cannot be applied in the case of Si78Ge22 
because of the high lattice thermal conductivity and a relatively small electronic contribution at elevated temperatures (10-100 K). Therefore, 
in order to separate the electronic term, the phonon conductivity was intentionally lowered by choosing polycrystalline samples of few 
micrometres grain size, and measuring the thermal conductivity below 1 K, where the phonon contribution decreases as T 3 and is limited by 
the size of the grains. Then by plotting a graph, A/T versus T z, we estimated the electronic term from the T = 0 intercept of the straight line. 
The Lorenz number  at low temperatures was evaluated from the electronic term and the electrical conductivity which remained constant  
below liquid nitrogen temperatures. We believe that the deviation of the Lorenz value obtained in this work is due to experimental error in the 
measurement  of thermal conductivity at very low temperatures rather than elastic electron scattering. 

The first column lists the materials, in alphabetical 
order, except for the semiconductors; the second row 
lists the temperature range of the investigation, the 
third column lists the low-temperature residual elec- 
trical conductivity cy 0 = pol ,  if available, otherwise 
the residual resistivity ratio (RRR), which is the ratio 
of resistivity, 9, at a given temperature to that of 
residual resistivity, Po, and the fourth column the 
Lorenz number, L. For metals and alloys, L is the 
value measured in the residual resistance range. For 
metals, a number in parentheses after the value of L 
refers to the data point shown in Fig. 2. The last two 
columns refer to notes and references. An additional 
column in Table III lists the number density of charge 
carriers in the semiconductors. 
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